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o e(X,Y)=H(x,y) e XxY|xy € E(G)} X Y
Edge density p=d
e d(X,Y)=e(X,Y)/IX||Y]
e-regular pair X/ /
e All X’ C X and Y’ C Y such that Y’

|X'| > e|X| and | Y| > €| Y] satisfy
dX,Y)=d(X,Y)te
Witness of non-regularity

o« IFd(X',Y)) £ d(X,Y)+e e(X',Y") = (1+ o(1))plX'||Y"|
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Proof Sketch

We design an energy function g s.t.
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q(P) €[0,1] D Q
Input: A graph G § VQ

Let P ={V(G)}
While P is not e-regular:

e For each pair (V;, V;) € P? that is &Q
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Proof Sketch

We design an energy function g s.t.

q(P) €[0,1]

Input: A graph G
Let P ={V(G)}
While P is not e-regular:
e For each pair (V;, V;) € P? that is
not e-regular.

e Find a witness A; ; C V;, A;; C V.

Refine P with all (A; ;).
Output: P

Monotonicity
g does not decrease under refinement.

Constant increase

Let O be the refinement obtained after
one iteration of the “While" loop. If Q is
not e-regular, then

q(Q) > q(P) +¢&°
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e-regular pair

e All X’ C X and Y’ C Y such that 1% Vi
|X'| > e|X| and | Y| > €| Y] satisfy O Q
dX,Y)=d(X,Y)+te
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Where is the lemma tight/flexible?

Szemerédi's graph regularity lemma

For every € > 0, there exists M such that every graph has an e-regular partition of size M.

1
2

) What is the value of M as a function of €7
) Can we control the partition P obtained?
3) Can we have en error vertices instead of en? error edges?

4) What about sparse graphs? (graphs with o(n?) edges)
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\%
Maybe try your best not to use it! 3
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Where is the lemma tight/flexible?

2) Can we control the partition P obtained?

Lemma

For any e, C > 0, there exists M such that for
any graph G and any partition P of V(G)
with |P| = C, there exists a refinement of P
that is e-regular and has M parts.

Lemma

For any € > 0, there exists M such that for
any graph G, there exists a partition
P={V,Vo,...,Vm} with |Vj| =|Vj| £1
for all i,j € [M] there are at most eM? pairs

that are not e-regular.
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|X| = e|V(G)| such that G — X admits a partition PP where every pair is e-regular.
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Triangle Counting Lemma

d(X,Y)

#{XY Z—triangle}
~ | XY Z]d(X,Y)d(Y, Z)d(X, Z)

Triangle counting lemma
X,Y,Z C V(G) with (X, Y),(Y,Z),(X,Z) e-regular and dxy = d(X,Y)..., then

#XYZ — triangle > (1 — 2¢)(dxy — €)(dyz — &)(dxz — €)|X]| Y]|Z|-
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X,Y,Z C G with (X,Y) e-regular and dxy = d(X, Y) > 2¢ (similarly for (Y, Z) and
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triangle-free by removing £n? edges.
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Triangle Removal Lemma (Ruzsa-Szemerédi) 1970's

Ve > 0, 30 > 0 such that every graph on n vertices with < §n3 triangles can be made
triangle-free by removing £n? edges.

Roth's theorem

Any set A C [n] that avoids x, x + a, x + 2a for x, a € [n] has size o(n).

What about other graphs then the triangle?
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VH, € > 0 36 > 0 such that any graph G with < §nlV(")l induced copies of H can be made
induced H-free by removing or adding < en® edges.

1) Partition: Apply strong regularity lemma, obtain Q
W; C V.

2) Clean: For all pairs (i, /)
o If d(W;, W;) < e remove all edges from V; to V.
o If d(Wi, W;) > 1 — ¢ add all edges from V; to V.

3) Count: Suppose any H induced is left.

Then (W;)icix ensures that there are at least
£(e)n V) copies. @ %

18/22



Infinite Removal Lemma

19/22



Infinite Removal Lemma

Infinite Removal Lemma

For any class (possibly infinite) # of graphs, and any € > 0, there exists hg,d > 0 such that
every n-vertex graph G with < dnlV(")l induced copies of H for all H € H with |V/(H)| < hg
can be made H-free by adding/removing < en? edges.
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Theorem

There exists a constant-time algorithm that returns YES if the input graph G is triangle-free,
and returns NO with probability 99/100 if G is e-far from being triangle-free.

We say that “being triangle-free” is testable.
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Property Testing

Theorem

There exists a constant time algorithm that return YES if the input graph G is triangle-free,
and returns NO with probability 99/100 if G is e-far from being triangle-free.

Algorithm:

e Sample C vertices.

o Answer YES if G[C] satisfies P otherwise answer NO.

Theorem

Any hereditary property is testable in constant time with one-sided error.

Merci!
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Sparse Regularity Lemma

4) What about sparse graphs? (graphs with o(n?) edges)
The Regularity lemma says nothing about sparse graphs! The trivial partition is already
e-regular with density 0.

Theorem (Scott 2010)

For every e > 0 and m > 1, there exists M = M(e, m) such that every graph G with
|V(G)| > M has a balanced partition V(G) = Vo U V4 U -+ U Vi, with |Vg| < €|V(G)| and
m < k < M, for which all but at most ek? pairs (V;, V;) are (¢)-regular, i.e.

(X", Y") = d(Vi, V))| < d(G)

whenever X' C V;, Y C V,,

X'| Z e|Vi

,and |Y'| > el Vj].
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