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Roth’s theorem

[N ]

The density of S in T is |S|/|T |.
Density

∀ϵ > 0, there is an N such that
Any S ⊂ [N] with density ⩾ ϵ has a 3-arithmetic sequence.

Roth’s theorem, 1953
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Corners theorem

∀ϵ > 0, there is an N such that
Any S ⊂ [N]2 with density ⩾ ϵ contains a corner.

Corners theorem [Ajtai, Szemerédi, 1974]
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Corner theorem ⇒ Roth theorem (folklore)

(x, y) ∈ A iff x− y ∈ S

Density: |S|/n · 1/4

Corner ⇒ 3-arthithmetic seq.

(x+ d, y), (x, y), (x, y + d) ∈ A

⇒ x− y − d, x− y, x+ d− y ∈ S

n

S no 3-arthmetic seq.

Build A

2n
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Szemerédi’s theorem

Of the form x , x + d , x + 2d , . . . , x + (k − 1) · d for some x , d ∈ N+.
k -Arithmetic progression

∀ϵ > 0, ∀k ∈ N+, there is a (very large) N := N(ϵ, k) such that:
∀S ⊆ [N], density(S) ⩾ ϵ ⇒ S contains a k -arithmetic sequence.

Szemerédi’s theorem, 1975
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Multi-dimensional Szemerédi’s theorem

{x + (k1d , k2d , . . . , kad) : ki ∈ [k ]}

The k a-dimensional grid

+d +d +d

+d

+d

+d
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Multi-dimensional Szemerédi’s theorem

∀ϵ > 0, ∀k ∈ N+, there is a (very large) N := N(ϵ, k) ∈ N such that
∀S ⊆ [N]d , density(S) ⩾ ϵ ⇒ S contains a k d-Grid.

Multidim theorem [Furstenberg, Katznelson, 1985]
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The question

∀ϵ > 0, ∀k ∈ N+, there is a (very large) N := N(ϵ, k) ∈ N such that
∀S ⊆ [N], density(S) ⩾ ϵ ⇒ S contains some pattern.

Szemerédi’s theorem

When N → ∞, how small needs ϵ := ϵ(N) to be to avoid:
• 3-arithmetic progressions?
• Corners?
• General d-dimensional grids?

Question
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What is known about corners?

There is a corner-free set of density 2−2.879
√

log N .

Theorem [Behrend, 1946]

There is a corner-free set of density 2−2.4022
√

log N .

Lower bound and link with NOF protocols [Alon, Shraibman, 2021]

There is a corner-free set of density 2−1.822
√

log N .

Best Lower bound [Green, 2021]
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Triangle removal lemma ⇒ corners theorem

For any ϵ > 0, there exists δ = δ(ϵ) > 0 such that:
If one cannot erase all triangles of G by deleting ϵn2 edges,
Then G contains δn3 triangles.

Triangle removal lemma [Ruzsa, Szemerédi 1978]
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The 3-NOF protocol

8

3

13

f (x, y, z)?

Players send messages

Comunication complexity:

number of exchanged bits

until they all agree on f(x, y, z)

x

y

zx

y

z
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One round 3-NOF exactly-N protocol
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One round 3-NOF exactly-N protocol

8

3

13

N := 24

x + y + z ?= N

Protocol:

•Player x writes a word S

•Player y: Yes or No

•Player z: Yes or No

x

y

z

x+ y + z = N ⇔ y and z say Yes
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One round 3-NOF exactly-N protocol

8

3

13 Protocol:

•Player x writes a word S

•Player y: Yes or No

•Player z: Yes or No

x

y

z

y + z = x ⇔ y and z say Yes

y + z ?= x
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Good protocol ⇒ big corner-free set

Assume Px, Py, Pz obey a good strategy

Let w a possible message of Px

S(w) := {(y, z) : Px(y, z) = w}
S(w)Fact: is corner-free

[n]2 ⊆ ⋃
w Sw

∃w, density(Sw) ≥ 1/2|w|

Exists large corner-free sets!
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Let A a set of vectors
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Big corner-free set ⇒ good protocol

Let be a corner-free set of size kS

Goal: cover [n]2 with minimum number of shifts of S

*

set-cover input: set of sets S ∈ 2X

output: min number of sets of S covering X

set-cover : min
∑

S∈S ω(S) under the conditions:

∀S ω(S) ≥ 0 ∧ ∀x ∈ X
∑

x∈S ω(S) ≥ 1

Apply with: S := all shifts of S X := [n]2

set-cover ≤ n2/k by taking ω(S + v) = 1/k*

→ set-cover ≤ O(n2/k log n)
→ protocol complexity O(log(n/k))

Theorem[Lovász, 1975]: set-cover< O(log |X|·set-cover *)
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Summary

If a one round NOF equal protocol with ⩽ b-bits exists,
then there is a corner-free set of density 1/2b.

Theorem

If a corner-free set of density 1/2b exists,
then a one round NOF equal protocol with ⩽ O(log(1/2b)) = O(b)-bits
exists.

Theorem

There is a NOF equal protocol on ⩽ θ(
√
log n)-bits.

Theorem[Alon, Shraibman, ’20]
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A simple protocol on [Zd
2q]

2 instead of [n]2

We work with vectors x := (x1, . . . , xd)
y := (y1, . . . , yd)
z := (z1, . . . , zd)

∈ Nd

Px, Py and Pz want to decide if y + z = x

Px sends ||z − y||22 in log(dq2) bits

Py says YES if ||2z − x||22 = ||z − y||22
Pz says YES if ||2y − x||22 = ||z − y||22

Fact: ||2z − x||22 = ||2y − x||22 = ||z − y||22 ⇒ y + z = x

<< log |space| = d log q

xi ≤ 2q
yi ≤ q
zi ≤ q
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Fact: There is a (simple) f such that:

∀a, b, aq + bq + f(Cq(a, b)) = (a+ b)q

Knowing Cq(a, b) reduces to the Zd
2q case!

Protocol: Px writes Cq(y, z) and ||zq − yq||22
Py and Pz can play in Zd

2q!

Complexity d+ 2 log dq = θ(
√
log n) for good d, q
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