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Abstract

For graphs of bounded maximum degree, we consider acyclict-improper colourings, that is,
colourings in which each bipartite subgraph consisting of the edges between two colour classes is
acyclic and each colour class induces a graph with maximum degree at mostt.

In the first part, we show that all subcubic graphs are acyclically 1-improperly 3-choosable,
thus extending a result of Boiron, Sopena and Vignal (1997, DMTCS 49, 1–10). In the second
part, we consider the supremum, over all graphs of maximum degree at mostd, of the acyclic
t-improper chromatic number and providet-improper analogues of results by Alon, McDiarmid
and Reed (1991, RSA 2(3), 277–288) and Fertin, Raspaud and Reed (2004, JGT 47(3), 163–182).

Keywords: Improper colouring, acyclic colouring, star colouring, choosability, subcubic graphs,
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AMS Subject Classification:05C15

1 Introduction

Recall that a colouring isacyclic if each bipartite subgraph consisting of the edges between two colour
classes is acyclic. In other words, a colouring is acyclic ifit contains noalternating cycle(that is, a
cycle which alternates between two distinct colours). The starting point of our study is the work of
Boiron, Sopena and Vignal [3, 4]. These authors considered acyclic colourings whose colour classes
satisfy certain hereditary properties (their main motivation being the connection of such colourings
with oriented colourings). The property we are predominantly concerned with here is the following:
given an integert ≥ 0, a set of vertices ist-dependentif it induces a subgraph of maximum degree at
mostt. A colouring ist-improper if its colour classes aret-dependent. Given a graphG, we letχt

a(G)
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denote the acyclict-improper chromatic number ofG, that is, the least number of colours in an acyclic
colouring of the vertices ofG such that each colour class ist-dependent. Noteχ0

a(G) is just the usual
acyclic chromatic numberχa(G), since a 0-dependent set is an independent set. Letχt

a(d) denote
the maximum possible value ofχt

a(G) over all graphsG with maximum degreed. We observe that

χa(G) = χ0
a(G)≥ χ1

a(G)≥ ·· · ≥ χ∆(G)
a (G) = 1 and also thatχa(d) = χ0

a(d)≥ χ1
a(d)≥ ·· · ≥ χd

a(d) = 1.
We will investigate the behaviour ofχt

a(d) viewed as a function oft.
In [3], Boiron et al.considered the problem of acyclically improperly colouring subcubic graphs,

i.e. graphs of maximum degree at most three. In particular, they proved thatχ1
a(3) = 3 and conjectured

that χ2
a(3) = 2. The list colouring variant of this problem is our first maintopic. Given a graphG,

a list assignment Lis a mapping that assigns to every vertexv a list L(v) of colours. We sayG is
L-colourable if there exists a proper colouring such that each vertexv is assigned a colour chosen
from L(v). Given an integerℓ > 0, G is ℓ-choosableif, for any list assignmentL such that|L(v)| ≥ ℓ
for each vertexv, the graph isL-colourable. Thechoice numberch(G) of G is the smallestℓ such
that G is ℓ-choosable. As well as being interesting in its own right, studying the choice number is
rewarding because (a) for all graphsG, ch(G) ≥ χ(G), so upper bounds on the choice number yield
upper bounds on the chromatic number, and (b) inductive proofs often succeed in bounding ch(G)
where similar approaches to boundingχ(G) directly fail. The choice number has been well-studied
since it was introduced by Erdős, Rubin and Taylor [6]. In parallel with the definition ofχt

a(G) and
χt

a(d), we define chta(G) and chta(d) in the natural way. Note that, for any graphG and any integers
t,d with 0≤ t < d, cht

a(G) ≥ cht+1
a (G), cht

a(d) ≥ cht+1
a (d), cht

a(G) ≥ χt
a(G) and chta(d) ≥ χt

a(d) for
anyt ≥ 0.

Consider the complete bipartite graphG = Kd,d. Suppose each vertex from one stable set is
assigned the list{1,2, . . . ,d−1} and each vertex from the other stable set is assigned the list{d,d+
1, . . . ,2d− 2}. Then, in any colouring ofG using colours from these lists, some colour must be
repeated in each stable set, so there is an alternating cycle. It follows that chda(d) ≥ chd

a(Kd,d) ≥ d
and, in particular, that ch1a(3) ≥ ch2

a(3) ≥ ch3
a(3) ≥ 3, so no list colouring analogue of the above-

mentioned conjecture of Boironet al. that χ2
a(3) = 2 can hold. On the other hand, as our first main

result, we prove the following strengthening of their upperbound:

Theorem 1 Every subcubic graph is acyclically1-improperly3-choosable.

In other words, ch1a(3)≤ 3. We note that Montassier, Ochem and Raspaud [12] showed cha(3) = 4
and cha(4) = 5.

Our second main topic is to look at bounds onχt
a(d) for large values ofd and t. For some

intuition, note thatχt
a(d) ≤ χa(d) ≤ d2 +1: we can greedily colour each vertexv by picking a colour

different from those already assigned at distance two fromv, thus guaranteeing that no alternating
cycles shall arise. In 1976 (cf. [1]), Erdős conjectured that it would be possible to do asymptotically
better, thatχa(d) = o(d2). Fifteen years later, Alon, McDiarmid and Reed [2] proved this conjecture
by showing thatχa(d)≤ cd4/3, for some fixed constantc≤ 50, using the Lovász Local Lemma; hence,
χt

a(d) = O(d4/3). They also showed thatχa(d) = Ω
(

d4/3/(lnd)1/3
)

using probabilistic methods.

We begin by considering lower bounds onχt
a(d). Observe that, for any graphG, χt

a(G) ≥ χa(G)

ct4/3 :

given an acyclict-improper colouring, we can acyclically colour each colourclass with at mostct4/3

new colours to obtain an acyclic colouring of the entire graph. Hence,χt
a(d) = Ω

(

(d/t)4/3/(lnd)1/3
)

.
Our second main result is to show that this basic lower bound on χt

a(d) can be much improved upon
asymptotically, as long asd− t ≥ 10

√
d lnd. More fully,

Theorem 2 If t ≤ d−10
√

d lnd, thenχt
a(d) = Ω

(

(d− t)4/3/(lnd)1/3
)

.
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In particular, ift = (1−ε)d for any fixed constantε, 0< ε≤ 1, then we obtain the same asymptotic
lower bound as Alonet al. Comparing this lower bound with the upper boundχt

a(d) = O(d4/3), we
see the surprising fact that even allowingt = Ω(d) does not greatly reduce the number of colours
needed for improper acyclic colourings of graphs with largemaximum degree.

Lastly, we consider bounds onχt
a(d) whend− t = O(d1/2). At some point,χt

a(d) must drop
significantly ast increases, becauseχd

a(d) = 1. Although we are unable to pin down the behaviour of
χt

a(d) viewed as a function oft, we can improve upon the upper bound of Alonet al. whent is very
close tod. More precisely, our third main result is the following:

Theorem 3 χt
a(d) = O(d lnd+(d− t)d).

As for lower bounds in the regimed− t = O(d1/2), first note that Boironet al.showedχd−2
a (d) ≥

3; we can straightforwardly generalise this result by showing thatχt
a(d) ≥ d− t + 1. This is done

as follows: ifKd+1 is the complete graph ond+ 1 vertices, thenχt
a(Kd+1) ≥ d− t + 1, since, in any

acyclict-improper colouring ofKd+1, at most one colour class has more than one vertex and no colour
class has more thant +1 vertices. We can, however, improve upon this further and, in the final section,
we exhibit a set of examples showing the following lower bound.

Theorem 4 χd−1
a (d) = Ω(d2/3).

We would like to reduce the gaps between the lower and upper bounds onχt
a(d). For t = d−1,

the problem is particularly tantalising, and, in this case,the lower bound of Theorem 4 and the upper
bound of Theorem 3 differ by a factor ofd1/3 lnd. For this choice oft, the problem also includes the
conjecture of Boironet al. that every subcubic graph is acyclically 2-improperly 2-colourable.

In the rest of the paper, we use the following notation. The degree of a given vertexv is denoted
by d(v). A k-vertex(resp. a≤k-vertex) is a vertex of degreek (resp. degree at mostk). We denote
by N(v) the set of the neighbours ofv. A k-cycle (resp. a≥k-cycle) is a cycle containingk vertices
(resp. at leastk vertices). For a graphG and a vertexv ∈ V(G), we denote byG\ {v} the graph
obtained fromG by removingv and its incident edges; for an edgeuv of E(G), G\{uv} denotes the
graph obtained fromG by removing the edgeuv. These notions are extended to sets of vertices and
edges in an obvious way. LetG be a graph andf be a colouring ofG. For a given vertexv of G,
we denote by imf (v), or simply im(v) when the colouring is clear from the context, the number of
neighbours ofv having the same colour asv and call this quantity theimpropriety of the vertexv.
In all the figures depicting configurations, we use the following drawing convention: a vertex whose
neighbours are totally specified is white, whereas a vertex whose neighbours are partially specified is
black. For notation not defined here, we refer the reader to [13].

2 Upper bound for ch1
a(3)

In this section, we prove Theorem 1, i.e. we show that ch1
a(3) ≤ 3. Our approach is to consider a

minimal counterexampleH to the theorem, i.e.H has maximum degree three and list assignmentL
such that|L(v)| ≥ 3 for anyv ∈ V(H), H is not acyclically 1-improperlyL-colourable and, subject
to these conditions,H is minimal with respect to|V(H)|. We first show in Subsection 2.1 thatH is
a 2-connected cubic graph. Then, in Subsection 2.2, we provide an inductive approach to give an
acyclic 1-improperL-colouring ofH. This contradiction gives us the theorem. We remark that this
proof technique was also used in [8].



Acyclic improper colourings 4

2.1 H is a 2-connected cubic graph

The aim here is Lemma 6 below, by using the following lemma.

Lemma 5 Let G be a connected subcubic graph with list assignment L such that each list size is at
least three.

(a) Suppose that v∈V(G) is a ≤2-vertex and that G\{v} has an acyclic 1-improper L-colouring
f . Then there is an acyclic 1-improper L-colouring f′ of G such that every vertex v′ at distance
at least three from v satisfies f′(v′) = f (v′).

(b) Suppose that uv∈ E(G) is a cut-edge and that G\{uv} has an acyclic 1-improper L-colouring
f . Then there is an acyclic 1-improper L-colouring f′ of G.

Before proving Lemma 5, let us use it to prove the following.

Lemma 6 Suppose H, together with list assignment L, is a minimal counterexample to Theorem 1.
Then H is a 2-connected cubic graph.

Proof. H is clearly connected; supposeH has a cut-vertexu. SinceH is subcubic, there is a
cut-edgeuv. Let H1 andH2 be the connected components ofH \{uv}. By minimality of H, there is
an acyclic 1-improperL-colouring f1 (resp. f2) of H1 (resp.H2). Now, f = f1∪ f2 is an acyclic 1-
improperL-colouring ofH \{uv} and thus, by Lemma 5(b), there is an acyclic 1-improperL-colouring
of H, contradicting thatH is a counterexample.

The fact thatH is cubic follows from Lemma 5(a). 2

Proof of Lemma 5(a). If d(v) = 1, thenf can be extended toGby selecting any colourf ′(v)∈ L(v)
for v that is different from its neighbour’s. So we may suppose that v has exactly two neighboursu
andw. If f (u) 6= f (w), then we can just choose a colourf ′(v) from L(v) \{ f (u), f (w)}; thus, from
now on we assumef (u) = f (w) = a.

LetSbe the set of colours appearing on vertices of{u}∪N(u)\{v}. If |S|< 2, then we may choose
f ′(v) from L(v) \S; this prevents a new alternating cycle and does not increasethe impropriety ofu
or w. We may thus assume that|S|= 3, sou has two neighboursu1, u2 aside fromv, andu1 6= w 6= u2.
Symmetrically, we may assume thatw has neighboursw1 andw2 aside fromv, andw1 6= u 6= w2. This
is depicted in Figure 1.

Note that possiblyu1 ∈ {w1,w2} or u2 ∈ {w1,w2}, but this does not affect our arguments. If there
is no colour fromL(v) that would extendf to G, then w.l.o.g. the following holds:L(v) = {a,b,c}
and assigningb (resp.c) to v would create an alternating cycle throughu1uvww1 (resp.u2uvww2); in
particular, f (u1) = f (w1) = b, f (u2) = f (w2) = c, and the coloura appears at least twice inN(u1),
N(u2), N(w1), andN(w2).

u

w1

w2u2

u1

v w

Figure 1: A worst configuration for Lemma 5(a)

Assumeu cannot be recoloured to obtain an acyclic 1-improperL-colouring f ′ of G\ {v} with
f ′(u) 6= f ′(w); otherwise, this could be easily extended to a valid colouring of G. Then we have that
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L(u) = {a,b,c} and im(u1) = im(u2) = 1. By recolouringu1 with a colour chosen fromL(u1)\{a,b}
we obtain a colouring with im(u1) = 0. Since we possibly created an alternating cycle containing u,
we also recolouru with the colourb. This new partial colouringf ′ of G\{v} is acyclic and 1-improper
with f ′(u) 6= f ′(w) and so is easily extended toG. Since we recoloured only vertices at distance at
most two fromv, we are done. 2

Proof of Lemma 5(b). Let G1 andG2 be the two connected components ofG\{uv} with u∈ G1

andv∈ G2. If we havef (u) 6= f (v), or if we havef (u) = f (v) with im(u) = 0 in G1 and im(v) = 0 in
G2, then f is also an acyclic 1-improperL-colouring ofG. So supposef (u) = f (v) = a with im(u) = 1
in G1. Let u1, u2 be the two neighbours ofu in G1 and assumef (u1) = f (u) = a. Clearly, f (u2) 6= a
and we can recolouru with a colour fromL(u) \{a, f (u2)} without creating any alternating cycle in
G1. The resulting acyclic 1-improperL-colouring f ′ of G\ {uv} is a validL-colouring ofG, since
f ′(u) 6= f ′(v). 2

2.2 Inductive colouring of H

Here, we will complete the proof of the theorem by using the following lemma.

Lemma 7 Let G be a 2-connected cubic graph with list assignment L suchthat each list size is at
least three. Suppose G contains two adjacent vertices u∗ and v∗ such that L(u∗) 6= L(v∗).

(a) There exists a vertex order x1,x2, . . . ,xn for G such that x1 = u∗, xn = v∗ and for every1≤ i < n,
the vertex xi is adjacent to some vertex xj with j > i.

Let Gi = G\{xi+1, . . . ,xn} for 1≤ i ≤ n.

(b) If 2≤ i ≤ n−1 and fi−1 is an acyclic 1-improper L-colouring of Gi−1, then there is an acyclic
1-improper L-colouring fi of Gi such that fi(x1) = fi−1(x1).

(c) If fn−1 is an acyclic 1-improper L-colouring of Gn−1 such that fn−1(x1) /∈ L(xn), then there is
an acyclic 1-improper L-colouring f of G.

Before we prove the lemma, we first show how it is used to prove the theorem.
Proof of Theorem 1. Let H, together with list assignmentL, be a minimal counterexample to the

theorem. By Lemma 6,H is 2-connected and cubic. Recall that every subcubic graph is acyclically
1-improperly 3-colourable [3]. We can therefore assume that H contains two adjacent verticesu∗ and
v∗ such thatL(u∗) 6= L(v∗).

Therefore, Lemma 7 applies and we inductively colourH as follows. At Step 1, setf1(x1) = c for
somec∈ L(x1)\L(xn). Then, at each Stepi, 2≤ i ≤ n−1, extend the colouring without changing the
colour ofx1, by Lemma 7(b). At Stepn, use Lemma 7(c). The resultingL-colouring f of H is acyclic
and 1-improper, a contradiction. 2

Proof of Lemma 7(a). Such an ordering is used in a standard proof of Brooks’ Theorem; the proof
can be found in a standard reference, e.g. [13]. 2

Proof of Lemma 7(b). All vertices ofGi exceptxi are coloured byfi−1. Notice thatxi is a≤2-
vertex inGi by definition of the orderx1, . . . ,xn. The vertexx1 is also a≤2-vertex inGi since it is
adjacent toxn in G. If x1 andxi are distance at least three apart, then Lemma 5(a) applies with v = xi

and we are done. Furthermore, by closely examining the arguments in Lemma 5(a), we see that the
only case in which we might recolour any vertex (as opposed toan extension offi−1 to v= xi) is when
the neighbours ofv are as in Figure 1, i.e. they both have degree 3 and are not adjacent. Sincexi has
degree 2, we may thus assume thatx1 andxi are not adjacent. By symmetry, we need only consider
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the case thatx1 = u1 (see Figure 2(a)). As before, we can assume the following:L(v) = {a,b,c},
fi−1(u) = fi−1(w) = a, fi−1(u1) = fi−1(w1) = b, fi−1(u2) = fi−1(w2) = c, and the coloura appears at
least twice inN(u1), N(u2), N(w1), andN(w2). Sincex1 is a 2-vertex, it follows that im(x1) = 0, and
we can recolouru with a colour fromL(u)\{a,c}. We then obtain an acyclic 1-improper colouringfi
which can be easily extended toG since fi(u) 6= fi(w). 2

u1 = x1

u2

wu xi

w1

w2

(a) For Lemma 7(b)

y1

z1

y2

z2

z

y

xn x1

(b) For Lemma 7(c)

Figure 2: Configurations for Lemma 7

Proof of Lemma 7(c). Let y andz be the neighbours ofxn distinct from x1 and lety1 and y2

(resp.z1 andz2) be the neighbours ofy (resp.z) distinct fromxn (see Figure 2(b)). Leta = fn−1(x1).
We consider some cases depending on the colours appearing inthe neighbourhood ofxn.

1. If y, z, x1 have pairwise distinct colours, thenfn−1 easily extends toG sincea /∈ L(xn).

2. Now suppose that exactly one colour distinct froma, sayb, appears in the neighbourhood ofxn.
We consider two cases depending on the colours ofy andz.

(a) Suppose thatfn−1(y) = fn−1(z) = b. If we can choose a colour inL(xn) for xn without
creating an alternating cycle or having im(v) > 1 for somev, then we are done. Otherwise,
we may assume w.l.o.g. thatL(xn) = {b,c,d} with fn−1(y1) = fn−1(z1) = c, fn−1(y2) =
fn−1(z2) = d, and the colour b appears at least twice inN(y1), N(y2), N(z1), andN(z2).
We first try to recoloury with a suitable colour distinct fromb. (This would not create an
alternating cycle sincefn−1(y1) 6= fn−1(y2).) If this colouring succeeds, then we assign
xn the colourb. Otherwise,L(y) = {b,c,d} and im(y1) = im(y2) = 1. In this case, we
recoloury1 with a colour fromL(y1) \ {b,c} and recoloury with the colourc. As the
neighbours ofy2 all now have distinct colours, there is no alternating cyclethroughy2 nor
throughy1, and so we have not created an alternating cycle. Furthermore, y, z, x1 have
three distinct colours and we are back in Case 1.

(b) Now suppose thatfn−1(y) = a and fn−1(z) = b. If we can choose a colour forxn without
creating an alternating cycle or having im(v) > 1 for somev, then we are done. Otherwise,
we may assume w.l.o.g. thatL(xn) = {b,c,d} with im(z) = 1, fn−1(y1) = c, fn−1(y2) = d,
and the coloura appears at least twice inN(y1) andN(y2). We first try to recoloury with
a colour distinct froma. If this is possible, we are in the situation of Case 1 or of Case
2(a). Otherwise,L(y) = {a,c,d} and im(y1) = im(y2) = 1, so we recoloury1 with a colour
from L(y1)\{a,c} and recoloury with the colourc; we are back in Case 1.
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3. Finally, suppose thatfn−1(y) = fn−1(z) = fn−1(x1) = a. Let L(xn) = {b,c,d} (and recall that
a /∈ L(xn)). If no colour fromL(xn) can be used to colourxn, then each colour could create an
alternating cycle containingxn. We may assume w.l.o.g. thatfn−1(y1) = b, fn−1(y2) = c and
the coloura appears at least twice inN(y1) andN(y2). As usual, we first try to recoloury with
a colour distinct froma. If successful, then we return to one of the previous cases. Otherwise,
L(y) = {a,b,c} and im(y1) = im(y2) = 1, so we recoloury1 with a colour inL(y1)\{a,b} and
recoloury with the colourb; we then return to Case 2.

2

The analysis above can be easily adapted to give an algorithmto acyclically 1-improperly list
colour any subcubic graph from lists of size at least three intimeO(|V(G)|2). Indeed, our arguments,
those of Boironet al., and a well-known linear algorithm for finding cut-verticesmay be straightfor-
wardly combined to yield a linear-time algorithm, but we decline to give the details here.

3 A probabilistic lower bound for χt
a(d)

In this section, we prove Proposition 10 below, a more explicit version of Theorem 2. Our argument
mirrors that of Alonet al.but uses upper bounds on thet-dependence numberαt , the size of a largest
t-dependent set, in the random graphGn,p. For more precise upper bounds onαt(Gn,p), consult [10].

Lemma 8 Fix an integer n≥ 1 and p∈ R with 4(lnn/n)1/4 ≤ p ≤ 1. Let m= ⌊n− 128lnn/p4⌋.
Then asymptotically almost surely and uniformly over p in the above range, any colouring of Gn,p

with k≤ (n−m)/4 colours and in which each colour class contains at most m vertices contains an
alternating4-cycle.

Proof. As there are at mostkn ≤ nn possiblek-colourings ofGn,p, to prove the lemma it suffices to
show that for any fixedk-colouring of the vertices ofGn,p (which we denote{v1, . . . ,vn}) with colour
classesC1, . . . ,Ck in which |Ci | ≤ m for all 1 ≤ i ≤ k, the probability thatGn,p does not contain an
alternating 4-cycle iso(n−n).

Fix a colouring as above, and letq be minimal such that|C1 ∪ . . .∪Cq| ≥ (n−m)/2. Let A =
C1∪ . . .∪Cq and letB = Cq+1∪ . . .∪Ck. As no colour class has size greater thanm, |A| ≤ (n+m)/2
and so|B| ≥ (n−m)/2. By symmetry, we may also assume that|A| ≥ n/2.

Next, letP = {{x1,x′1}, . . . ,{xr ,x′r}} be a maximal collection of pairs of elements ofA such that
for 1≤ i ≤ r, xi andx′i have the same colour, and for 1≤ i < j ≤ r, {xi ,x′i} and{x j ,x′j} are disjoint. As
we may place all but perhaps one vertex from each colour classCi in some such pair (with one vertex
left over precisely if|Ci| is odd), it follows that

r ≥ 1
2

(|A|−q) ≥ 1
2

(n
2
−k
)

≥ n
8
.

Similarly, letQ = {{y1,y′1}, . . . ,{ys,y′s}} be a maximal collection of pairs of elements ofB satisfying
identical conditions; by an identical argument to that above, it follows thats≥ (n−m)/8.

Let E be the event that for all 1≤ i ≤ r, 1≤ j ≤ s, {xi ,y j ,x′i ,y
′
j} is not an alternating 4-cycle, and

let E′ be the event thatGn,p contains no alternating 4-cycle; clearlyE′ ⊆ E. For fixed1≤ i ≤ r and
1≤ j ≤ s, the probability that{xi ,y j ,x′i ,y

′
j} is not an alternating 4-cycle is(1− p4) and this event is
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independent from all other such events. As(n−m) ≥ 128lnn/p4 it follows that

Pr
(

E′)≤ Pr (E)≤ (1− p4)rs ≤ e−p4rs

≤ exp

{

− p4n(n−m)

64

}

≤ e−2nlnn = o(n−n),

as required. 2

Using this lemma, we next bound the acyclict-improper chromatic number ofGn,p for p in the
range allowed in Lemma 8.

Lemma 9 Fix an integer n≥ 1 and p∈ R with 4(lnn/n)1/4 ≤ p ≤ 1. Let m= ⌊n− 128lnn/p4⌋
and let t(n, p) = p(m− 1)− 2

√
np. Then asymptotically almost surely, for all integers t≤ t(n, p),

χt
a(Gn,p) ≥ 32lnn/p4, uniformly over p and t in the above ranges.

Proof. Fix nandpas above, and chooset ≤ t(n, p). We will show that asymptotically almost surely
Gn,p contains not-dependent set of size greater thanm, from which the claim follows immediately by
applying Lemma 8 as(n−m)/4 ≥ 32lnn/p4. Let G[m] represent the subgraph ofGn,p induced by
{v1, . . . ,vm}. By a union bound and symmetry, we have

Pr
(

αt(Gn,p) ≥ m
)

≤
(

n
m

)

Pr (∆(G[m]) ≤ t) ≤ 2mPr (∆(G[m]) ≤ t) .

Since, if∆(G[m]) ≤ t thenG[m] has at mosttm/2 edges, it follows that

Pr
(

αt(Gn,p) ≥ m
)

≤ 2nPr
(

E(G[m])≤ tm
2

)

≤ 2nPr
(

E(G[m])− p

(

m
2

)

≤ tm
2

− p

(

m
2

))

Finally, by a Chernoff bound and by the definition oft(n, p), we conclude that

Pr
(

αt(Gn,p) ≥ m
)

≤ 2n exp

{

−
(

tm
2

− p

(

m
2

))2

·
(

2p

(

m
2

))−1
}

≤ 2n exp

{

−(t − p(m−1))2

4p

}

≤ (2/e)n = o(1),

as claimed. 2

Using Lemma 9, it is a straightforward calculation to boundχt
a(d) for d sufficiently large andt

sufficiently far fromd.

Proposition 10 For all sufficiently large integers d and all non-negative integers t≤ d−10
√

d lnd,

χt
a(d) ≥ (d− t)4/3

214(lnd)1/3
.

Proof. Choosen so that
213n3 lnn≤ d3(d− t) ≤ 214n3 lnn; (1)
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such a choice ofn clearly exists as long asd is large enough. Letp= (d−4
√

d lnd)/n; we first check
that p andt satisfy the requirements of Lemma 9. Presumingd is large enough thatnp≥ d/2, by the
lower bound in (1) and the fact thatd(d− t) ≤ d2 we have

p≥ d
2n

≥ (d3(d− t))1/4

2n
≥ 8n3/4(lnn)1/4

2n
= 4

(

lnn
n

)1/4

. (2)

Furthermore, lettingm= ⌊n−128lnn/p4⌋, we have

p(m−1)−2
√

np≥ np− 128lnn
p3 −2

√
np−2 = d−4

√
d lnd−2

√
np−2− 128lnn

p3

≥ d−8
√

d lnd− 128lnn
p3 . (3)

Sincep > d/2n and by the lower bound in (1),

128lnn
p3 <

210n3 lnn
d3 ≤ d− t

8
,

which combined with (3) yields

p(m−1)−2
√

np> d−8
√

d lnd− (d− t)
8

= t +
7(d− t)

8
−8

√
d lnd > t, (4)

the last inequality holding sincet ≤ d− 10
√

d lnd. As (2) and (4) hold we may apply Lemma 9 to
boundχt

a(Gn,p) with this choice oft andp; asn > d, it follows that as long asd is sufficiently large,

Pr
(

χt
a(Gn,p) ≥

32lnn
p4

)

≥ 3
4
, (5)

say. Furthermore, by a union bound and a Chernoff bound,

Pr (∆(Gn,p) > d) ≤ nPr

(

BIN

(

n,
d−4

√
d lnd

n

)

> d

)

≤ ne−16lnd/3 ≤ 1
n
, (6)

the last inequality holding as lnd ≥ lnn/2 (which is an easy consequence of (1)). Combining (5) and
(6), we obtain that

Pr
(

χt
a(Gn,p) ≥

32lnn
p4 ,∆(Gn,p) ≤ d

)

≥ 3
4
− 1

n
≥ 1

2

as long asn ≥ 4, so there is some graphG with maximum degree at mostd and with χt
a(G) ≥

32lnn/p4. Sinceχt
a is monotonically increasing ind, it follows that

χt
a(d) ≥ 32lnn

p4 >
32n4 lnn

d4 . (7)

An easy calculation using the upper bound in (1) and the fact that lnn < 2lnd gives the bound

d4 <
219n4(lnd)4/3

(d− t)4/3
,
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so 32n4 lnn/d4 > (d− t)4/3/214(lnd)1/3. By (7), it follows that

χt
a(d) ≥ (d− t)4/3

214(lnd)1/3
,

as claimed. 2

4 A probabilistic upper bound for χt
a(d)

In this section, we study the situation whent is even closer tod, whend− t = o(d1/2) in particular.
Theorem 3 is a corollary of our main result here.

We analyse a different parameter from, but one that is closely related to, the acyclict-improper
chromatic number. Astar colouringof G is a colouring such that no path of length three (i.e. with
four vertices) is alternating; in other words, each bipartite subgraph consisting of the edges between
two colour classes is a disjoint union of stars. Thestar chromatic numberχs(G) is the least number of
colours needed in a proper star colouring ofG. We analogously define the parametersχt

s(G) andχt
s(d)

in the natural way. The star chromatic number was one of the main motivations for the original study
of acyclic colouring [9]. Clearly, any star colouring is acyclic; thus,χt

a(d) ≤ χt
s(d). Fertin, Raspaud

and Reed [7] showed thatχs(d) = O(d3/2) and thatχs(d) = Ω
(

d3/2/(lnd)1/2
)

. We note that a natural
adaptation to star colouring of the argument given in the last section gives the following:

Theorem 11 There exists a fixed constant C> 0 such that, if t ≤ d − C
√

d lnd, then
χt

s(d) = Ω
(

(d− t)3/2/(lnd)1/2
)

.

Given a graphG of maximum degreed, the idea behind our method for improved upper bounds is
to find a dominating setD and a functiong = g(d) = o(d3/2) such that

∣

∣

(

N(v)∪N2(v)
)

∩D
∣

∣≤ g for
all v∈V(G). Given such a setD in G, we assign colours to the vertices inD by greedily colouringD
in the square ofG (i.e. vertices inD at distance at most two inG receive different colours) with at most
g+1 colours; then we give the vertices ofG\D the colourg+2. It can be verified that this colouring
prevents any alternating paths of length three (and so prevents alternating cycles) and ensures that
every vertex has at least one neighbour of a different colour. Furthermore, we can generalise this idea
by prescribing that our setD is k-dominating— each vertex outside ofD has at leastk neighbours in
D — to give a bound onχd−k

s (d).

Theorem 12 χt
s(d) = O(d lnd+(d− t)d).

This result provides an asymptotically better upper bound than χt
s(d) = O(d3/2) whend− t =

o(d1/2). It also provides a better bound thanχt
a(d) = O(d4/3) whend− t = o(d1/3). Theorem 12 is

an easy consequence of the following lemma:

Lemma 13 Given a d-regular graph G and an integer k≥ 1, let ψ(G,k) be the least integer k′ ≥ k
such that there exists a k-dominating setD for which, for all v∈V(G), |N(v)∩D| ≤ k′. Let ψ(d,k)
be the maximum over all d-regular graphs G ofψ(G,k). Then, for all d sufficiently large,ψ(d,k) ≤
max{3k,31lnd}.

We postpone the proof of this lemma, first using it to prove Theorem 12:
Proof of Theorem 12. We first remark that the functionχt

s is monotonic with respect to graph
inclusion in the following sense: ifG and G′ are graphs withV(G) = V(G′), ∆(G) = ∆(G′) and
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E(G) ⊂ E(G′), thenχt
s(G) ≤ χt

s(G
′). As any graphG of maximum degreed is contained in ad-

regular graph, to prove thatχt
s(d) = O(d lnd + (d− t)d) it therefore suffices to show thatχt

s(G) =
O(d lnd+(d− t)d) for d-regular graphsG. We hereafter assumeG is d-regular andd is large enough
to apply Lemma 13. Letk= d−t. We will show thatχt

s(G)≤ dψ(d,k)+2, which proves the theorem.
By Lemma 13, there is ak-dominating setD such that|N(v)∩D| ≤ ψ(d,k) for all v∈V(G). Fix

such a dominating setD and form the auxiliary graphH as follows: letH have vertex setD and let
uvbe an edge ofH precisely ifu andv have graph distance at most two inG. As |N(v)∩D| ≤ ψ(d,k)
for all v∈V(G), H has maximum degree at mostdψ(d,k).

To colourG, we first greedily colourH using at mostdψ(d,k)+1 colours, and assign each vertex
v of D the colour it received inH. We next choose a new colour not used on the vertices ofD,
and assign this colour to all vertices ofV(G) \ D. We remind the reader that im(v) denotes the
number of neighbours ofv of the same colour asv. If v∈ D then im(v) = 0, and ifv ∈V \D then
im(v) ≤ d−|N(v)∩D| ≤ d−k = t, so the resulting colouring ist-improper.

Furthermore, given any pathP = v1v2v3v4 of length three inG, either two consecutive vertices
vi ,vi+1 of P are not inD (in which casec(vi) = c(vi+1) and P is not alternating), or two vertices
vi ,vi+2 are inD (in which casec(vi) 6= c(vi+2) andP is not alternating). Thus, the above colouring is
a star colouringG of impropriety at mostt and using at mostd(3k+31lnd)+2 colours; asG was an
arbitraryd-regular graph, it follows thatχt

s(d) ≤ dψ(d,k)+2, as claimed. 2

We next prove Lemma 13 with the aid of the following symmetricversion of the Lovász Local
Lemma:

Lemma 14 ([5], cf. [11], page 40)Let A be a set of bad events such that for each A∈ A

1. Pr (A) ≤ p < 1, and

2. A is mutually independent of a set of all but at mostδ of the other events.

If 4pδ ≤ 1, then with positive probability, none of the events inA occur.

Proof of Lemma 13. We may clearly assume thatk is at least(31/3) lnd, since, if the claim of
the lemma holds for suchk, then it also holds for smallerk. Let p = 2k/d and letD be a random set
obtained by independently choosing each vertexv with probability p. We claim that, with positive
probability, D is a k-dominating set such that|N(v)∩D| ≤ 3k for all v ∈ V(G); we will prove our
claim using the local lemma.

For v∈ V(G), let Av be the event that either|N(v)∩D| < k or |N(v)∩D| > 3k. By the mutual
independence principle, cf. [11], page 41,Av is mutually independent of all but at mostd2 eventsAw

(with w 6= v). Furthermore, since|N(v)∩D| has a binomial distribution with parametersd andp, we
have by a Chernoff bound that

Pr (Av) = Pr (||N(v)∩D|−E(|N(v)∩D|)|> k) ≤ 2e−k/5 = o(d−2)

so 4Pr (Av)d2 < 1 for d large enough. By applying Lemma 14 withA = {Av | v∈V}, it follows that
with positive probability none of the eventsAv occur, i.e.D has the desired properties. 2

5 A deterministic lower bound for χd−1
a (d)

In this section, we concentrate on the caset = d− 1 and exhibit an exampleGn which gives the
asymptotic lower bound of Theorem 4. Given a positive integer n, we construct the graphGn as
follows: Gn has vertex set{vi j : i, j ∈ {1, . . .n}} ∪ {wi j : i, j ∈ {1, . . . ,n}}. For i, j ∈ {1, . . . ,n} we
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let Vi j = {vi j ,wi j }. We can think of the set of vertices as ann-by-n matrix, each entry of which has
been “doubled”. Within each columnCi =

Sn
j=1Vi j and within each rowR j =

Sn
i=1Vi j we add all

possible edges. The graphGn has 2n2 vertices and is regular with degreed = 4n−3. We will prove
the following proposition, which directly implies Theorem4:

Proposition 15 χd−1
a (Gn) ≥ n

n1/3+1
+1.

Proof. Let f : Gn →{1, . . . ,k} be an acyclic(d−1)-improper colouring ofGn; we will show that
necessarilyk≥ n

n1/3+1
. Sincen≥ 1 it follows thatn/2≥ n

n1/3+1
and thus we may assume thatk < n/2.

Clearly, some colour – saya1 – appears on two verticesx,x′ of C1. We call the coloura1 “black” and
refer to vertices receiving coloura1 as black vertices. Ify,y′ ∈ C1 both receive colouri 6= a1, then
xyx′y′ forms an alternating cycle, soa1 is the only colour appearing twice inC1. It follows that at most
k−1 vertices inC1 are not black.

Applying the same logic to any columnCi , we see that all butk−1 vertices inCi must receive the
same colour, sayai . Sincek < n/2, it is easily seen, then, that there must be a rowRk such thatvk1

andwk1 are both black, andvki andwki are both colouredai . This implies thatai = a1, since otherwise
vk1vkiwk1wk j would be an alternating cycle. It follows that in all columns, at mostk−1 vertices receive
a colour other thana1. Symmetrically, there is a colourb such that in all rows, at mostk−1 vertices
receive a colour other thanb; clearly, it must the case thatb = a1.

If there arei, j ∈ {1, . . . ,n} such that bothRi and C j are entirely coloured black, then all the
neighbours ofvi j ,wi j are coloured witha1 and the colouring is not(d− 1)-improper; therefore, it
must be the case that either all rows, or all columns, containa non-black vertex. Without loss of
generality, we may assume that all rows contain a non-black vertex.

Let x1, . . . ,xr be non-black vertices receiving the same colour, saya, and letxi ∈ Vℓi ,mi , for 1≤ i ≤
r. As previously noted, no two ofx1, . . . ,xr may lie in the same row or column; i.e., fori 6= j, ℓi 6= ℓ j

andmi 6= mj .

Claim 16 At least3
(r

2

)

vertices of
S

1≤i< j≤r Vℓi ,mj receive a non-black colour other than a.

Proof. No vertices in
S

1≤i< j≤r Vℓi ,mj receive coloura as each such vertex is in the same row as
one ofx1, . . . ,xr . On the other hand, for each pairi, j with 1≤ i < j ≤ r, at least three of the vertices in
Vℓi ,mj ∪Vℓ j ,mi must receive a colour other thana1. For if y,y′ ∈ Vℓi ,mj ∪Vℓ j ,mi both receive coloura1,
thenxiyxjy′ forms an alternating cycle. The result follows as there are

(r
2

)

pairsi, j with 1≤ i < j ≤ r.
2

Claim 17 At least r distinct non-black colours appear on
S

1≤i< j≤r Vℓi ,mj .

Proof. By an argument just as above, each ofVℓ1,m2, . . . ,Vℓ1,mr must contain a vertex receiving
a colour other thana1 or a. These colours must all be distinct asVℓ1,m2, . . . ,Vℓ1,mr are all contained
within Rℓ1. 2

Let {a2,a3, . . . ,ak} be the set of non-black colours. Letx2
1, . . . ,x

2
r2

be the vertices receiving colour
a2, and for i = 3, . . . ,k let xi

1, . . . ,x
i
r i

be the vertices receiving colourai which are in a different row

from all vertices in
S

j<i
S

s≤r j
x j

s. As every row contains a non-black vertex,∑k
i=2 r i = n; it is possible

thatr i = 0 for certaini, if there is a vertex coloured with one ofa2, . . . ,ai in every row.
For i ∈ {2, . . . ,k} ands∈ {1, . . . , r i}, say vertexxi

s ∈ Vℓi
s,mi

s
, and let

Ai =
[

1≤s<t≤r i

Vℓi
s,m

i
t
∪Vℓi

t ,mi
s
.
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By Claim 16, at least 3
(r i

2

)

vertices ofAi are non-black. Furthermore, ifi 6= i′ then for anys∈
{1, . . . , r i}, s′ ∈ {1, . . . , r i′}, xi

s andxi′
s′ are in different rows – soAi andAi′ are disjoint. It follows that

in
Sk

i=2 Ai ∪{xi
1, . . . ,x

i
r i
}, at least

k

∑
i=2

(

3

(

r i

2

)

+ r i

)

≥
k

∑
i=2

r2
i (8)

vertices are non-black. As∑k
i=2 r i = n, it is easily seen that

k

∑
i=2

r2
i ≥ (k−1)

(⌊

n
k−1

⌋)2

.

As there are onlyk−1 non-black colours, it follows that some non-black colour –saya2 – appears at
least(⌊n/(k−1)⌋)2 times. If (⌊n/(k−1)⌋)2 ≥ n2/3, then by Claim 17, at leastn2/3 + 1 > n

n1/3+1
+ 1

colours appear onGn, so we may assume thatn2/3 > (⌊n/(k− 1)⌋)2 ≥ (n/(k− 1)− 1)2. But then
k > n

n1/3+1
+1, as claimed. 2

Sinced = 4n−3, the above proposition yieldsχd−1
a (Gn)≥ (1+o(1))2−4/3d2/3. It is worth noting

that the correct asymptotic order ofχd−1
a (Gn) is unknown; it is even conceivable thatχd−1

a (Gn) =
Θ(d). For improper star colouring, a construction and accompanying argument that are similar to the
above givesχd−1

s (d) ≥ (1+o(1))2−1/6d2/3.

6 Conclusion

In this paper, we studied the problem of acyclicallyt-improperly colouring graphs with maximum
degree at mostd. We first considered the list colouring variant of the problem for d = 3 and showed
that every subcubic graph is acyclically 1-improperly 3-choosable. This strengthens a result of Boiron
et al. A natural question is to consider the case ofd = 4; however, it seems unlikely that the method
used in this paper easily extends. In light of [12], it might be fruitful to study the relationship between
acyclict-improper colourings and maximum average degree.

We next considered the behaviour of the acyclict-improper chromatic number in the case of large
d. We showed that the same asymptotic lower bound for ordinaryacyclic chromatic number by Alon
et al.could also be established for the acyclict-improper chromatic number for anyt = t(d) satisfying
d− t = Θ(d). We remark that, in this case, the upper boundχa(d) ≤ cd4/3 can be easily adapted to
list colouring, i.e. cha(d) ≤ c′d4/3 for some absolute constantc′. This means that, ford− t = Θ(d),
Theorem 2 is asymptotically tight up to a factor of(lnd)1/3, even for list colouring.

Lastly, we studied the case of larged andt very close tod. For this case, we showed Theorem
12 using the Lovász Local Lemma. This theorem improves upon upper bounds forχt

a(d) andχt
s(d)

implied by the results of Alonet al. and Fertinet al., respectively, giving for instance thatχt
s(d) =

O(d lnd) for d−t = O(lnd). On the other hand, we showed thatχd−1
a (d) = Ω(d2/3) by a deterministic

construction.
There is much remaining work in the cased− t = o(d). Table 1 is a rough summary of the current

bounds onχt
a(d) andχt

s(d) whend is large. Of particular interest, it is unknown ifχd−1
a (d) is Θ(d2/3),

Θ(d lnd) or somewhere strictly between these extremes.

Conjecture 18 χd−1
a (d) = Θ(d) andχd−1

s (d) = Θ(d).

Another line of enquiry would be to consider the list colouring analogue of this problem. For
instance, the first question one might consider is whether chd

a(d) is closer toΘ(d) or Θ(d4/3). To our
knowledge, there has been no progress on this question to date.
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χt
a(d) χt

s(d)
d− t lower upper lower upper

Θ(d) Ω
(

d4/3

(lnd)1/3

)

O(d4/3)

Ω
(

d3/2

(lnd)1/2

)

O(d3/2)ω(
√

d lnd) Ω
(

(d−t)4/3

(lnd)1/3

)

Ω
(

(d−t)3/2

(lnd)1/2

)

Ω
(

d2/3
)

Ω
(

d2/3
)O(d1/2)

O((d− t)d)
O(d1/3) O((d− t)d)
O(lnd) O(d lnd) O(d lnd)

0 1 1 1 1

Table 1: Asymptotic bounds forχt
a(d) andχt

s(d).
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